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Abstract-A new switching function for variable structure 
control is proposed in this paper for linear continuous-time 
systems with uncertainties. It consists of an ordinary linear term 
plus an integral term and allows direct use of the pole placement 
technique. Different design methods are used for systems with 
matched and mismatched uncertainties. For systems with 
matched uncertainties, the switching function is synthesised based 
on the Riccati equation. For systems with mismatched 
uncertainties, the switching function is designed using the 
technique of linear matrix inequality. Variable structure 
controllers are developed according to the reaching condition of 
the sliding mode. Furthermore, the results for continuous-time 
systems are extended to discrete-time systems. The proposed 
approach is illustrated through numerical simulations. 
Index Terms- variable structure control, switching surface, 
pole placement, linear matrix inequality 
I. INTRODUCTION 
Variable structure control (VSC) with sliding mode has 
been widely studied for about 5 decades [l-31. Its design 
includes the following two important steps: 
(1) Choose a switching function such that the sliding 
mode motion, when the switching function is equal to 
zero, is stable. 
(2) Design the VSC controller such that the reaching 
condition of sliding mode is satisfied. 
This paper considers the following linear system 
& Ax+ Bu (1) 
where x E R" is state vector; U E R "  is the manipulated 
variable vector; A E R""" and B E R""" are two matrices. The 
matrix pair (A,  B )  is supposed to be controllable. 
Choosing an appropriate switching function is a key step 
in VSC design. Conventionally, the switching function is 
chosen as 
where C E R""" is a constant matrix. The matrix C should be 
properly designed such that the matrix 
(3) 
is stable [4]. It is, however, difficult to place the poles of the 
matrix H using the ordinary linear system theory [5]. As a 
result, it is difficult to obtain a closed-loop control system with 
desired dynamics. 
This paper proposes a new switching function of the form 
s = cx (2) 
H = A - B(CB)-'C 
Yu-Chu Tian 
School of Software Engineering and Data Ccm"mcaiim 
Queensland University of Technology, 
GPO Box 2434, Brisbane QLD 4001, Australia 
y.ti"t&.aU 
5' = CX - C ( A  + BK)xdt (4) 
0 j
where C E R""" has the same meaning as in equation (2); 
K E RmX" is a constant matrix to be designed; and C is 
designed such that CB is invertible. It has two additive terms: 
a linear term that is the same as in equation (2) and an integral 
term. It will be shown below that with the proposed switching 
fimction (4), the conventional pole placement technique can be 
directly used in VSC design. 
The sliding mode motion resulting from the proposed 
switching function (4) is 
Thus, the matrix K should be designed such that the matrix 
is stable. Obviously, we can place the poles of the matrix H ,  
using the conventional pole placement technique [5]. 
The synthesis of the proposed switching function (4) will 
be discussed for systems with matched and mismatched 
uncertainties, respectively. For systems with matched 
uncertainties, the matrix K is chosen according to the Riccati 
equation; while for systems with mismatched uncertainties, it is 
selected using the technique of linear matrix inequality (LMI). 
Variable structure controllers will be developed from the 
reaching condition of the sliding mode. 
One of the main VSC research directions at present is 
methodological and algorithmic development with regard to 
discrete-time formulation [8]. This will be addressed in this 
paper by extending the results for continuous-time systems to 
discrete-time systems. 
Finally, the proposed approach will be illustrated by 
numerical simulations. 
11. SLIDING MODE CONTROLLER FOR SYSTEMS WITH 
MATCHED UNCERTAINTIES 
&= ( A  + BK)x ( 5 )  
H ,  = A + B K  (6) 
Consider the following linear system with matched 
uncertainties 
where p(x,u,  t )  I r0 + r1 llxll+ pIIu/I ; p < 1 ; and ro , r, , and p 
are known positive constants. 
Theorem: For the uncertain linear system (7), a sliding 
mode controller is designed as 
A ! k  Ax + B(u + v(x, t ,  U)) (7) 
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U = K l x  - K O  (CB)-' sgn(S) 
S = CX - C(A + BK1)Xdt (8b) 
(8c) 
If the matrices K I  and C are designed such that 
H ,  = A + BK, is stable and CB is invertible, the state of the 
closed loop system will enter the switching surface S = 0 in a 
finite time and will be zero asymptotically. 
0 i 
1 
KO 2 - [ IlCBll * b-0 + ~111~11)+ E + 14 11. llxll1 E > 0 
1-P 
Proof: Choose the Lyapunov function as 
1 
2 
v = - S T S  
It follows that 
& S T &  S T  (CBp- K O  sgn(S)) 
I IIsIIIIc~II(~o + r1 IIxlO + pllK1 II . llxll+ 
I -EIISII < O(f0rS # 0)  
lPll - llsll 
It is seen from the above inequality that S will enter S = 0 in a 
finite time less than IIS(O)IIIE . Once S = 0 , we have the 
sliding mode motion 
x!k ( A  + BKl)x  
Thus, the state x will tend to zero asymptotically. This 
completes the proof. 
Remark 1: From the results of [6], if the parameters ro, rl, 
and p are unknown and p < l  , the controller (8) can be 
implemented by using estimators for relay-type gains KO, ro, 
and rl. The corresponding controller and estimators are as 
follows 
U = K , x -  ko(CB)-1 sgn(S) (94  
s = cx - C(A + BK1)Xdt (9b) 
(9c) 
(9d) 
0 i 
K = F0 + 4 IJxIJ 
@ = -pop0 + TOllSll 
= + Tl llxll. lpll (94  
This controller will guarantee that both the switching function 
S and the state x of the closed loop system are bounded 
ultimately and asymptotically. 
111. SLIDING MODE CONTROLLER FOR SYSTEMS WITH 
MISMATCHED UNCERTAINTIES 
Consider the following system with mismatched 
uncertainties 
& Ax + A'4x + B(u + p(x, t ,u))  
(AA)(AA)T I M M T  
known positive constants. 
solution of P > 0 and A > 0 for some matrix K ,  
Lemma 1: If the following matrix inequality has the 
P(A+ BK,)  + ( A  + BK,)T P 
+ A-'PMMTP+ AZ < 0 
then the system 
x!kAx+AAx+Bu 
U = K ~ x  
is stable [7]. 
mode controller is designed as 
Theorem 2: For the uncertain linear system (IO), a sliding 
U = K 2 x  - K,(CB)-' sgn(S) (12a) 
S = CX - 1 C(A + BK2)Xdt 
0 
If the condition of Lemma 1 is satisfied, the state of the closed 
loop system will enter the switching surface S = 0 in a finite 
time and will be be zero asymptotically. 
Proof: Choose the Lyapunov function as, 
1 
2 
v = - S T S  
We have 
& S 6 S ' (CB p + A h  - K O  sgn(S)) 
I lPll * IlCBll .(ro + r1 llxll+ I I 4  .I14 
+ PIIK2 I1 . llxll+ PKO llsll - KO llsll 
I -EIISII < 0 (fors # 0)  
Thus, s will enter S = 0 in a finite time less than IIS(O)II/s . 
Once s = 0 ,  we have the sliding mode motion 
& ( A +  AA + BK2)x 
According to Lemma 1, this sliding mode motion is stable, 
implying that the state x will tend to zero asymptotically. This 
completes the proof. 
Similar to Remark 1 for Theorem 1, the following remark 
is introduced for Theorem 2. 
Remark 2: From the results of [6], if the parameters ro, r l ,  
and p are unknown and p < 1 , the controller (12) can be 
implemented by using estimators for relay-type gains KO, ro, 
and rl. The corresponding controller and estimators are as 
follows 
U = K 2 x  - k0(CB)-' ~gn(S)  (134 
S = CX - C(A + BK2)xdt (13b) i 
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e= -P1 i + <l IlXllllSll (13e) 
This controller will guarantee that both the switching function 
s and the state x of the closed loop system are bounded 
ultimately and asymptotically. 
IV. EXTENSION TO DISCRETE-TIME SYSTEMS 
This section will extend the previous results for 
continuous-times systems to discrete-time systems. Consider 
the following discrete-time system 
where x(k) E R" is system state; u(k) represents control input, 
A E R""" and B E  R""" are known matrices; $(k )  is an 
unknown function, which can be estimated through the 
following relation 
x(k + 1) = Ax(k) + B(U(k) + 4(k) )  (14) 
@(k - 1) = (CB)-'(x(k) - Ax(k - 1) - Bu(k - 1)) (15) 
We choose the switching function as follows 
k-1 
S ( k )  = Cx(k) - c ( C A  + CBK)x(k) (16) 
i=l 
where C E R""" and K E R""" are two constant matrices to 
be synthesised. From equation (16), it follows that 
S(k  + 1) - S(k)  = CBu(k) + CB$h(k) - Cx(k) 
- CBKx(k) 
- Let 
U = U q + U  
ueq = ( C B p  Cx(k) + &(k) 
Substituting equation (1 8) into (17) yields 
S(k + 1) - S(k)  = CBC + CB4(k) 
= CBC + CB4(k - 1) 
+ CB[4(4 - 4(k - I)] 
Now choose as 
ii = -[#(k - 1) - ( cB) -bs (k ) j  
S T  ( k ) P ( k  + 1) - S(4l -aJJS(k>lJ2 +EJJS(k)JJ 
where 11 CB[$(k) - @(k - l)] 1) I E . Then, we have 
S(k + 1) - S(k)  = -aS(k) + CB(#(k) - #(k - 1)) 
Therefore, if 
O < a < 2  
S ( k )  is bounded ultimately and asymptotically. Furthermore, if 
the sliding mode condition 
ST (k)(s(k + 1) - S(k) )  < 0 and 
llS(k + 1)11 I IlS(k)ll is satisfied. Meanwhile, for #(k) = 0 
S T  (k)(S(k + 1) + S(k) )  > 0 P c )  
i.e. 
and S ( k )  = 0 ,  we have 
(234 
Thus, the matrices K and C should be chosen such that the 
matrix 
is stable and the matrix CB is invertible. 
The above results are summarised in the following 
theorem. 
Theorem 3: For the uncertain discrete-time system (14), 
the closed-loop system with the control law shown in equations 
(1 8) and (1 9) is bounded ultimately and asymptotically. It 
enters the field of the sliding mode (22b) in a finite time if (a) 
the condition (22a) is satisfied; (b) the matrix (23b) is stable; 
and (c) the matrix CB is invertible. 
V. NUMERICAL SIMULATIONS 
x(k + 1) = (A + B(CB)-' C + BK)x(k)  
A + B(CB)-' C + BK (23b) 
Three examples are discussed in this section to illustrate 
Theorems 1 to 3. The first example is for continuous-time 
systems with matched uncertainties. The second one is also for 
continuous-time system but with mismatched uncertainties. 
The last example discusses discrete-time uncertain systems. 
Example 1: To illustrate Theorem 1,  consider the 
following uncertain linear system 
14 < 
The initial condition is x(0) = [O,l]T . Without loss of 
Take K = r3.5, 3.51 and C = [0, 11. It follows that CB = 1 
, which has two stable 
eigenvalues of -1 and -1.5 . The designed sliding mode 
controller is 
generality, suppose the uncertain function p = sin(t) . 
and A + B K =  [A -k] 
U = -2Sgn(S)-[3.5,5.5)r (25) 
To avoid chattering, the hnction sgn(S) is replaced by 
in the simulation. The simulation results are shown 
0.01 + IS1 
in Figure 1. 
It is seen from Figure 1 that the designed variable 
structure controller can force the system state to reach the 
' sliding mode in a finite time. Then, the controller maintains the 
system state on the sliding mode. No chattering phenomenon 
exists. 
Example 2: To illustrate Theorem 2, consider the 
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following uncertain linear system 1 I 
Again, the initial condition is x(0)  = [O,lT. Without loss 
of generality, suppose the uncertain function 9 = sin(t) and 
Choose K =  [3.5,3.5] and C= [0,1]. The designed sliding 
mode controller is 
U = -2sgn(S) - [3.5,5.51. (27) 
As in Example 1, for elimination of chattering, the 
function Sgn(s) is replaced by - in the simulation. 
0.01 + Is1 
The simulation results are depicted in Figure 2. 
It is clear from Figure 1 that the variable structure 
controller can drive the system state to the sliding mode in a 
finite time and then maintains the system state on the sliding 
mode. Again, no chattering phenomenon is observed. 
Example 3: To illustrate Theorem 3, consider the 
following uncertain linear discrete-time system 
x(k + 1) = 0.02 o-ol]x(k) 1.03 + [;.oj. [u(k)+ ~ ( k ) ]  (28) 
L _I L A  
Again, as in Examples 1 and 2, suppose that the initial 
condition is x(O)=[O,l]T and the uncertain function 
&t) = sin(k) . 
The parameters of the variable structure controller are 
chosen as 
(29) K = [40, 1251, C =  [0, 11, a= 0.1 
Figure 3 shows the simulation results. It is observed from 
Figure 3 that the designed controller makes the system state 
enter a small neighbourhood of the sliding mode in a finite time 
and then maintains the system state within the neighbourhood. 
Chattering has been observed in this example. 
1 I 
XI 
x2 
0 0.5 1 1.5 
Tme(6) 
Figure 1. Simulation Results for Example 1 
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Fig 2 Simulation results for Example 2 
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Figure 3. Simulation results for Example 3. 
VI. CONCLUSION 
A new VSC design method has been developed in this 
paper by proposing a new switching function, which allows 
direct use of the pole placement technique. The design of the 
switching function parameters has been discussed. For matched 
and mismatched system uncertainties, the techniques of the 
Riccati equation and LMI have been respectively used to 
synthesise the switching function. The variable structure 
controllers have then developed according to the reaching 
condition of the sliding mode. The results for continuous-time 
systems have been extended to discrete-time systems. 
Simulation examples have shown the effectiveness and 
applicability of the proposed approach. 
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